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Paving the way for next generation of cosmological surveys

The Linear Point 
A cleaner Baryon Acoustic 
Oscillation standard ruler



Outline
The Baryon Acoustic Oscillations cosmological standard 
ruler.

Accurate distance measurements
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Correlation function BAO peak - redshift dependent.

Growth measurements.

A NEW standard ruler: the LINEAR POINT

LINEAR POINT standard ruler with GALAXY DATA!!

Conclusions / future prospects.



The two Rulers
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Traditional Ruler

New Ruler

- Correlation function
Peak Position

- Redshift dependent!!

- Correlation function feature:
the Linear Point position

- Redshift independent!!

- Model-independent estimator

applied to SDSS data



Which scale?
Which scale in the clustering Correlation Function?

Comoving baryon acoustic scale
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rd

Baryon acoustic peak - Matter CF
sp

rd is Geometrical (indep. 
primordial fluctuation)

Eisenstein et al (2005)

Baryon 
acoustic peak

POSITION!!
STANDARD RULER
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Sanchez et al. (2008)

Linear Non-linear
Smith et al (2008)

Crocce, Scoccimarro (2008)

- non-linear gravity
- RSD

- Scale-dep bias

(CAMB code)

linear

non-linear
1 % region

Precision cosmology: breaks down!!



New BAO-2pcf ruler?
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Ingredients needed

1) A geometrical point

2) Redshift independent (linear)

3) Easily to identify

Corr. Func. BAO features

- LINEAR POINT: sLP
(peak-dip middle point)

- antisymmetric 2pcf

sLP =
sp + sd

2

- peak (sp)
- dip (sd)

S.A, G. Starkman and R. Sheth (2016)



… from a “wrong” plot…
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Since the Cf amplitude is not used for BAO…



Linear analysis
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Linear point position is GEOMETRICAL

CF Antisymmetry measure

Independent on (ns, τ, As) at the 0.02 % 

ªl in(sA)=
ªl in(sp)+ªl in(sd)

2
sLP =

sp + sd

2

Position Amplitude

sLP ª sA

ªl in(sLP )ª ªl in(sA)

(0.2 %)

(2-3 %)



Non-linearities
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Non-linear Gravity

Redshift Space Distortions

BAO correlation function smoothed 

Dominant: displacements of galaxies from initial positions

ªnl(r)º
Z dk

k
k3Plin(k)

2º2 e°k2æ2
v(z) j0(kr)

Redshift space
Bulk motions redshift space distortions

ª
s,nl
0 (s)= 1

2

Z1

°1
dµ

Z dk
k

k3Plin(k)
2º2 (1+µ2 f )2e°k2æ2

v(1+µ2 f (2+ f )) j0(ks)MONOPOLE:

Bharadwaj (1996)

Seo, Eisenstein (2007)

Peloso et al. (2015)

velocity disp. linear theory



N-Body - COMPARISON
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6 S. Anselmi, G. D. Starkman, R. K. Sheth
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Figure 4. Top: Real space correlation function rescaled by the

linear growth factor at four redshifts. Bottom: Similarly rescaled

redshift-space monopole. Smooth lines show equations (3) and
(5); symbols with error bars show the N-body results. The vertical

dashed red line marks the scale of the linear point in linear theory.

shows the real-space correlation function at four di↵erent
redshifts, rescaled by the scale-independent linear growth
factor as well as the linear bias b

2
10(z). The linear bias val-

ues at z = (0, 0.5, 1, 2) are b10 ' (1, 1.29, 1.72, 2.95). The
bottom panel, shows the rescaled redshift-space monopole,
where � = f/b. The nonlinear theory predictions are in rea-
sonable agreement with the measurements. Again, the error
bars appear to be highly correlated, and, while the ampli-
tude of ⇠ is often discrepant by up to 10%, the locations of
the standard rulers are much more robust. Fig. 7, the ana-
log of Fig. 5 shows a more quantitative comparison: Notice
that, especially in redshift space, the peak and dip scales dif-
fer more significantly from the measurements. Nevertheless,
the LP scale still agrees to better than 0.5%. We conclude

Figure 5. Top: Real space BAO peak, dip and LP scales. Bot-

tom: Redshift space BAO peak, dip and LP positions. Smooth
black curves show the measurements in simulations, shaded gray

regions show 1% variation around the measurements, and dotted

and dashed curves show the linear and nonlinear theory values of
these scales.

that the LP is indeed a good ruler even for biased tracers at
late times in redshift space.

Before we exploit this fact, it is worth making one fi-
nal point. Recall that the amplitude of ⇠lin(s

LP

) is within
about 3% of [⇠lin(s

d

) + ⇠

lin(s
p

)]/2. Figures 4 and 6 show
that nonlinear evolution makes ⇠nl less steep than ⇠

lin, both
in real and redshift space. Hence, ⇠nl(s

LP

) corresponds to
[⇠nl(s

d

) + ⇠

nl(s
p

)]/2 at percent level precision, a factor of
two improvement with respect to linear theory.

c� 0000 RAS, MNRAS 000, 1–10

Peak and dip at < 1%

Linear point at < 0.5 %

Amplitude Position

S.A, G. Starkman and R. Sheth, MNRAS (2016)



BAO shift
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Redshift Space - MONOPOLE

smoothing

ª
s,nl
0 (s)= 1

2

Z1

°1
dµ (1+µ2 f )2 ªnl(|x|;SG)

ªnl(|x|;R)w
Z

dr0
r0

r
e°

(r°r0)2
2R2

(2ºR2)1/2 ª
l in(r0)

Real space

Redshift space

whole CF shift

1.5 % 1 % 3.5 %

3D convolutions

S.A, G. Starkman and R. Sheth, MNRAS (2016)



Distance measurements
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DISTANCE MEASUREMENTS 
AT 0.5 %

sLP =
sp + sd

2
£1.005

Simulation comparison

Peak and dip at 1%
Linear point at < 0.5 %

S.A, G. Starkman and R. Sheth (2016)



Growth measurements
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Peak and dip: same smoothing
Linear Point amplitude 
linear few percent.

Three GROWTH estimators

1)

2)

3)

D2(z)
D2(z0)

1+ 2
3 f (z)+ 1

5 f 2(z)

1+ 2
3 f (z0)+ 1

5 f 2(z0)
Linear:

w
ª̂s

0(ŝp, z)+ ª̂s
0(ŝd, z)

ª̂s
0(ŝ0p, z0)+ ª̂s

0(ŝ0d, z0)

w
ª̂s

0(ŝLP , z)

ª̂s
0(ŝ0LP , z0)

w

P
ŝ

d

∑x

i

∑ŝ

p

ª̂s

0(x
i

, z)/N(z)

P
ŝ

0
d
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∑ŝ

0
p

ª̂s

0(x
i

, z

0)/N(z0)

EXPLOI
TING

 THE A
NTISY

MMETRY



Biased tracers
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Preliminary investigation

Dominant effect of velocities

Preserve CF antisymmetry

Peaks theory approach to halo bias [Bardeen et al. (1986)]

Linear point position
STABLE Linear Bias

ª
s,nl
0,hh(sLP )

S.A, G. Starkman and R. Sheth, MNRAS (2016)

ª
s,nl
0,hh(s)= 1

2

Z1

°1
dµ

Z dk
k

k3Plin(k)
2º2

h
bE

10(z)+bE
01(z)k2 +µ2 f

i2
e°k2æ2

v(1+µ2 f (2+ f )) j0(ks)
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1) galaxy data; PRL (2018) in press
2) mock catalogue validation; PRD (2018) in press

exploit the Linear Point  
with real data

P-S Corasaniti, G. Starkman, R. 
Sheth and I. Zehavi

in collaboration with

REFERENCES



2pcf in clustering data
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Working in comoving coordinates.

Alcock-Paczynski distortion effect

2pcf monopole in redshift space

Distorted True

ªD
0 (sF )= ªT

0 (ÆsF )+O(≤)

Æ= DV (z)/DF
V (z)

Isotropic shift

small 
correction

Fiducial cosmology assumed

isotropic volume distance

DV (z)=
∑
(1+ z)2D2

A(z)
cz

H(z)

∏1/3



Current BAO definition
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Seo et al. (2008)

ªD
0

(sF
)= B2ªfixed

m

≥
Æ sF

¥
+ A(sF

)+O(≤)

Xu et al. (2012)

{ Æ, B, A1, A2, A3 }
marginalized

Cosmological information

{ ≠F
b ,≠F

c ,nF
s ,hF ,ßNL }

5 varied parametersFixed parameters (ΛCDM)

Æ= DV (z)
DF

V (z)

rF
d

rCMB
d

PRESCRIPTIONS

Template
N-body validated
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P(z)= w(z)Ω(z)

linear approx.

scale independent for
smooth quintessence

clustering quintessence

phenomen. models of w(z)

ΛCDM

ªobs(r, z)= b10(z)2
D(z)2

µ
1+ 2Ø

3
+ Ø2

5

∂
ª

m

(r,0)

A complementary approach: 
the Linear Point

Linear Point position -> scale -> D(z) indep. 



ªD
0

≥
ygal

LP (z)
¥
= ª

l in,CMB
0

√
sCMB

LP

DT
V (z)

!

+O(≤)

Measuring the distance
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Linear scale

galaxies

CMB
z indep.

ªD
0

√
sF

DF
V (z)

!

= ªT
0

√
sT

DT
V (z)

!

+O(≤)

DE 
info

rmatio
n

DT
V (z)=

sCMB
LP

ygal
LP (z)

S.A, Starkman, Corasaniti, Sheth, Zehavi
PRL (2018)

y¥ sF

DF
V (z)



ªD
0

≥
ygal

LP (z)
¥
= ª

l in,CMB
0

√
sCMB

LP

DT
V (z)

!

+O(≤)

NO 2pcf model template

 20

linear CAMB code

Model-independent 
parametric fit

CMB best fit param.
+

yfit
LP = 1

2
(yfit

peak + yfit
dip)ªfit

0 (y)=
5X

i=0
ai yi

NO FIXED PARAMETERS!!

Only fiducial cosmology dependence -> Alcock-Paczynski
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SDSS galaxies
S.A, Starkman, Corasaniti, Sheth, Zehavi

BOSS collaboration: two galaxy samples

LOWZ and CMASS

PRL (2018)
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SDSS galaxies

Linear Point distances

BOSS distances

S.A, Starkman, Corasaniti, Sheth, Zehavi

Cuesta et al. (2016)

PR
E-

re
co

ns
tr
uc
tio

n

DBOSS
V (z̄ = 0.32)= (1247±37)Mpc

DBOSS
V (z̄ = 0.57)= (2043±27)Mpc

DLP
V (z̄ = 0.57)= (2056±22)Mpc

DLP
V (z̄ = 0.32)= (1264±28)Mpc

DA
TA

PR
E-

re
co

ns
tr
uc
tio

n

DA
TA

smaller errors
CONSISTENT

PRL (2018)



BAO reconstruction
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Data treatment -> amplify the S/N and reduce non-linear 
effects.

IDEA: recover the “lost information”

Algorithm inputs - no error propagation

Eisenstein et al. (2007)
Padmanabhan and White (2009)

- growth rate
- matter-galaxy bias

approximate non-linear treatment -> galaxies are “sent back” 
to their linear theory positions.
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SDSS galaxies

Linear Point distances

BOSS distances

S.A, Starkman, Corasaniti, Sheth, Zehavi

Cuesta et al. (2016)

PR
E-

re
co

ns
tr
uc
tio

n

DLP
V (z̄ = 0.57)= (2056±22)Mpc

DLP
V (z̄ = 0.32)= (1264±28)Mpc

DA
TA

PO
ST
-r
ec
on

st
ru
ct
io
n

DA
TA DBOSS;post°recon

V (z̄ = 0.32)= (1265±21)Mpc

DBOSS;post°recon
V (z̄ = 0.57)= (2031±20)Mpc

larger errors
CONSISTENT

PRL (2018)



Linear Point and reconstruction?
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reconstruction invariant

PRE
LIMINAR

Y

by chance

BOSS BAO-(DR12) mocks



POST-reconstruction DATA
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Invariant in real data?

Known possible reasons… ????

discrepancy

- 0.5% uncertainty ? NO

- Extraction bias ? NO

- Statistical scatter ? 2%

- Reconstruction ? mocks ?

spre°recon

LP (

¯z = 0.57)= (94.2±1.0)Mpc/h

spost°recon

LP (

¯z = 0.57)= (96.1±0.8)Mpc/h

large

improved theoretical 
tools needed ?

PRE-reconstruction DATA



Why the Linear Point ?
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No fixed parameters / all the uncertainties are propagated.

BAO reconstruction needs to be improved (error prop + 
modeling)

Simple / model-independent estimator (2pcf model poorly 
known).

ESTIMATOR FEATURES

New theoretically defined “OBSERVABLE” (no estimator 
needed): peak/dip mid-point

THEORETICAL FEATURES

FOR COSMOLOGY
Datasets combined -> syst. blow up -> multiple approaches 
needed. LINEAR POINT is cleaner: it can help!!



Complementarity
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w.r.t. standard BAO

STANDARD BAO WITH RECONSTRUCTION

LINEAR POINT

1) BAO estimators 2) BAO reconstruction

Fully relying on N-body sim. for:

Valid for parameters/models where sim. accurate (ΛCDM)

N-body sim. —> linearity validation, extend beyond ΛCDM

Simulations/mocks —> LP estimation error(s)



ªD
0 (sF )= ªModel

0

√
DModel

V (z)

DF
V (z)

sF

!

+O(≤)

BAO-only measurements ?
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BAO full fitting -> model dependent

Distorted Fit

1) Derived parameterÆ

Sanchez, Crocce et al. (2009)

Sanchez et al. (2012)

Sanchez, Baugh, Angulo (2008)

NEED of 2pcf motivated theoretical model

2) Free parameter
large degeneracies -> non informative

DE model dependent

Æ



How with the Linear Point ?
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ªD
0

√
sF

DF
V (z)

!

= ªT
0

√
sT

DT
V (z)

!

+O(≤)

known linear physicsy¥ sF

DF
V (z)

galaxies

ªD
0

≥
ygal

LP (z)
¥
= ªl in

0

√
sModel

LP

DModel
V (z)

!

+O(≤)

≠b
≠c

w
eq. state par.
Dark Energy

H0



Conclusions
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Peak-dip mid point - Linear Point - is Geometrical and 
insensitive to nonlinearities to 0.5% (redshift indep.)

The clustering 2pcf is linear at the LP

Standard ruler

Growth

Peak-dip range: antisymmetry preserved
Three growth 
estimators

”Model-independent” Standard Ruler. Distances from DATA.

… to do…

Different galaxy populations? Clusters? Quasars? Neutrinos ?

Angles and redshifts ?

Comparison with the CF full fitting (Eucl. forec., ongoing)

Complementary BAO ruler!

Modified gravity  + ….  +  ….  + ….



THANK YOU!!


