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Gaussian ini�al condi�ons

Box of side L, fundamental frequency kf = 2π/L.
ICs determined by the ini�al power spectrum is P0(k) = PL(k)/D2(z), set by
fiducial cosmology.
Gaussian density field in Fourier space:

δLk =

√
PL(k)

2k3f
rke

iθk , (1)
with rk Rayleigh-distributed and θk uniformly distributed in [0, 2π).
For a gaussian field, 〈δLk1

. . . δLkN

〉
c

= 0 forN > 2.



Sta�s�cs of N-body simula�ons

N-body simula�ons are useful for es�ma�ng the power spectrum at small-scales.
• A single simula�on could have large fluctua�ons at large scales (cosmic
variance), thus introducing a bias for the es�ma�on of power at small scales

• Running a large number of simula�ons is computa�onally expensive
Since we are limited by the sca�er in P (k) ∼ 〈δkδ−k〉 ∼ 〈rkr−k〉, we can reducethis sca�er by fixing the amplitude rk.



Fixed-amplitude ini�al condi�ons

Fixed-amplitude linear density field: rk =
√

2

δLk =

√
PL(k)

k3f
eiθk (2)

with θk uniformly distributed in [0, 2π).
First formalized in Pontzen et al., 2016, and Angulo & Pontzen, 2016.
We lose gaussianity of linear field.
All even connected N-point correla�on func�ons are different from zero:〈

δLk1
δLk2

δLk3
δLk4

〉
c
6= 0 ,

〈
δLk1

δLk2
δLk3

δLk4
δLk5

δLk6

〉
c
6= 0 , . . . (3)

Are these relevant for the density field?



Quan�fying non-gaussianity of fixed-amplitude density field

Higher order sta�s�cal moments of the fixed-amplitude field smoothed on a scaleR:
µ̃4(R) =

µ4(R)

σ4(R)
=

〈
δ4(x)

〉
c

〈δ2(x)〉2c

∣∣∣∣∣
R

∝ 1

V

∫
d3kW 4(kR)P 2

L(k)[∫
d3kW 2(kR)PL(k)

]2 (4a)

µ̃6(R) =
µ6(R)

σ6(R)
=

〈
δ6(x)

〉
c

〈δ2(x)〉3c

∣∣∣∣∣
R

∝ 1

V 2

∫
d3kW 6(kR)P 3

L(k)[∫
d3kW 2(kR)PL(k)

]3 (4b)

In general, µ̃2n(R) ∝ V −n



Quan�fying non-gaussianity of fixed-amplitude density field
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[AO et al., preliminary]



Covariance matrix

Power spectrum es�mator:
P̂ (k) =

k3f
Nk

∑
q∈k

δqδ−q =⇒ P (k) =
〈
P̂ (k)

〉 (5)

Covariance matrix
Cij =

k6f
NkiNkj

∑
q∈ki

∑
p∈kj

[
2 〈δqδp〉 〈δ−qδ−p〉+ 〈δqδ−qδpδ−p〉c

]
=

=
2δKij
Nki

P 2(ki) +
k3f

NkiNkj

∑
q∈ki

∑
p∈kj

T (q,−q,p,−p)

(6)



Covariance in fixed-amplitude ini�al condi�ons

With fixed-amplitude ICs, the even N-point correla�on func�ons on the linear fieldsare non-zero:〈
δ
L
k1
δ
L
k2
δ
L
k3
δ
L
k4

〉
c
= −

P 2
L(k)

k6f

[
δ
K
k12

δ
K
k34

δ
K
k13

δ
K
k24

+ δ
K
k12

δ
K
k34

δ
K
k14

δ
K
k23

+ δ
K
k13

δ
K
k24

δ
K
k14

δ
K
k23

]
(7)

Therefore, the covariance becomes:
Cij =

2δKij
Nki

P 2(ki) +
k3f

NkiNkj

∑
q∈ki

∑
p∈kj

T (q,−q,p,−p) =

=
2δKij
Nki

P 2(ki) +
k3f

NkiNkj

∑
q∈ki

∑
p∈kj

[T0(q,−q,p,−p) + Tgr(q,−q,p,−p)] =

=
2δKij
Nki

[
P 2(ki)− P 2

L(ki)
]

+
k3f

NkiNkj

∑
q∈ki

∑
p∈kj

Tgr(q,−q,p,−p)

(8)



Mo�va�ons

The covariance matrix can be wri�en as
CFIX = CGIC −

2δKij
Nki

P 2
L(ki), (9)

where CGIC contains both the term∼ P 2(k) and the term∼ Tgr; therefore wecan recover the “real” covariance matrix with gaussian ICs:
CGIC = CFIX +

2δKij
Nki

P 2
L(ki). (10)

At a given redshi� z, we would expect
CGIC(z) = CFIX(z) +

2δKij
Nki

D2(z)P 2
L(ki). (11)



Pairing fixed-amplitude simula�ons

Two fixed-amplitude realisa�ons, with opposite phases: δ↑k, δ↓k. At linear level,
δ↓L,k = δ↑L,ke

iπ = −δ↑L,k.
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[Pontzen et al., 2016]

[Angulo & Pontzen, 2016]

Power spectrum:

P (k)l =
1

2

[
P ↑(k) + P ↓(k)

] (12)



State of the art

Further extensions in a recent paper (Villaescusa-Navarro et al., 2018)
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• Power spectra of ma�er, halos, CDM,
gas, stars, BHs, magne�c fields

• Cross-spectra
• Mass func�ons of halos, voids
• PDFs of density fields



Covariance matrix in fixed-and-paired ini�al condi�ons

Given the power spectrum of the paired realisa�on P (k)l = 1
2

[
P ↑(k) + P ↓(k)

],
all sorts of cancella�ons arise in the covariance matrix: further suppression
Power spectrum covariance of fixed-and-paired realiza�ons:

Clij − C↑ij = −
4δKij
Nki

P ↑L(ki)P
↑
22(ki) [O(δ6L)] (13)

Comparison with the fixed-amplitude case
C↑ij =

2δKij
Nki

[
P 2(ki)

↑ − P 2
L(ki)

↑
]

=

=
4δKij
Nki

P ↑L(ki)
[
P ↑13(ki) + P ↑22(ki)

]
[O(δ6L)]

(14)



Numerical Analysis: fixed-amplitude variance in ZA

[AO et al., preliminary]
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Variance is suppressed, especially at large scales.



Numerical Analysis: fixed-amplitude variance in ZA

∆P 2
FIX = ∆P 2

GIC + ∆P 2
NGIC =⇒ ∆P 2

GIC = ∆P 2
FIX −∆P 2

NGIC

[AO et al., preliminary]
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Effect is almost completely under control, except for a “bump”-like feature.



Numerical Analysis: fixed-amplitude variance in ZA

[AO et al., preliminary]
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Replacing the linear growth with the non-linear propagator from RPT,
the feature is almost canceled.



Numerical Analysis: fixed-and-paired variance in ZA

[AO et al., preliminary]
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Further variance suppression in the fixed-and-paired realisa�ons.



Numerical Analysis: PINOCCHIOmocks and spherical window func�on

Set of 10,000 PINOCCHIOmock simula�ons with gaussian IC, 1,000 mocks with
fixed-amplitude, and 1,000 fixed-and-paired.

[AO et al., preliminary]
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Similar effects are also visible in the
PINOCCHIOmocks.
Suppression is less evident (probably
due to the cut-off in halo mass).
Spherical window func�on
apparently removes the suppression
in the variance (to be inves�gated).



Conclusions

• Fixing the amplitude of the density field suppresses the variance
• The observed suppression ismostly consistent with the theore�cal predic�on

• Pairing fixed-amplitude realisa�ons introduces a further suppression
• Bias seems to play a role in the suppression
• Introducing a window func�on the suppression is prac�cally removed

Thank you for listening


